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1 Introduction 



In a recent paper on W-pair production in e^e~ annihilation by two of us a high- 
energy representation for the one-loop-corrected helicity amplitudes was given in simple 
analytic form. The one-loop helicity amplitudes in Ref. |^ are represented in the form 
of a Born approximation, the weak and the electromagnetic coupling constant of the 
Born approximation being replaced by (three) invariant amplitudes that depend on the 
kinematic variables of the reaction, the energy, momentum transfer and soft-photon cut- 
off. The representation of the helicity amplitudes differs from previous ones with 
respect to the choice of the covariants and the corresponding invariant amplitudes. In 
distinction from Ref. 0, the explicit and fairly simple analytic form of the invariant 
amplitudes, written down in a few lines, is a novel feature of Ref. . In the derivation 
of the expressions for the invariant amplitudes in Ref. the high-energy expansions of 
the cross sections of Ref. were extensively used. 

In the present work we will supplement our recent results by including the decay of 
the produced bosons as well as hard-photon radiation. 

2 The ansatz for e+e~ W+W~ 4fermions, gener- 
alities 

For a theoretical description of W-pair production including W decay, as a natural start- 
ing point, we will use the (one- loop-corrected) amplitudes for on-mass-shell production 
and decay. The propagation of the decaying W bosons will be taken care of by Breit- 
Wigner denominators with constant widths. In so far as on-shell-production and -decay 
amplitudes are employed, while the invariant masses of the fermion pairs only enter via 
the Breit-Wigner denominators and the four-fermion phase space, such an ansatz cor- 
responds to a narrow-width approximation for e^e~ W^W~ 4fermions. As on- 
shell production and decay amplitudes are gauge invariant, the so-defined amplitudes for 
e^e~ W^W~ — i> 4fermions are gauge-independent by construction. The approach 
should be particularly reliable for invariant masses of the produced fermion pairs in the 
vicinity of the mass. My/. 

Four-fermion production, e^e^ — ^ 4fermions, in general, does not only proceed via 
the production and subsequent decay of a W-boson pair. Additional contributions are 
present that involve only a single W pole, or no pole at all (cf. e.g. [Q). With respect 
to W-pair production, such contributions form a non-resonant (more precisely, a non- 
doubly-resonant) background. It is expected that by applying suitable experimental cuts 
on the invariant masses of the produced fermion pairs, one may be able to eliminate such 
background contributions to a large extent when comparing theoretical predictions with 
experimental data. 

From the point of view of four-fermion production the above ansatz, based on on- 
mass-shell amplitudes and Breit-Wigner denominators, corresponds to a double-pole 
approximation (DPA) ^, |^ . The gauge invariance of the full (one- loop) four-fermion- 



2 



production amplitude implies that the double-pole residue in this amplitude is gauge- 
parameter independent. In addition to the gauge-parameter-independent on- mass-shell- 
production and -decay amplitudes, the double-pole residue also contains so-called non- 
factorizable corrections 0, essentially due to soft-photon exchange connecting, e.g. a 
decay fermion from W^- decay with the iy~-boson. Extensive investigations p|, § led 
to the result that such corrections vanish, when integrated over the invariant masses of 
the fermion pairs. Moreover, they are entirely negligible at e^e~ energies above a 
few hundred GeV, the region of energies considered in the present paper. Accordingly, 
non-factorizable corrections need not be considered any further. 

A quantitative analysis of the error induced by neglecting non-doubly-resonant con- 
tributions to four-fermion production faces the difficulties of formulating a satisfactory 
gauge-invariant ansatz for e+e~ — > 4fermions that includes all (doubly- resonant, singly- 
resonant and non-resonant) contributions. The simple replacement of [k^ — M^]~^ by 
[k^ — M^^ + iMwTw]~^ in general violates gauge invariance as different parts in the gauge- 
invariant amplitude for e~^e~ 4fermions are differently affected by such a replacement 
1^. Nevertheless, it seems that such a "fixed-width scheme" finds some justification in 
a "complex-mass scheme" 0. For an estimate of the error induced by neglecting non- 
doubly-resonant contributions, a fixed width ansatz should be quite reliable. Accordingly, 
we will use it in section 3 to estimate the accuracy to be expected for the double-pole 
approximation of four-fermion production. 

We note that how to go from the off-shell kinematics to the on-shell kinematics is not 
unique. In our analysis, in defining the double-pole residue, we fix the production solid 
angles of W~ and the decay solid angles of two of the final fermions ( originating from 
and W~) in the laboratory frame. 



3 Estimating Background Contributions 

With respect to W-pair production, four-fermion production not enhanced by two inter- 
mediate W resonances, as mentioned in Section 2, may be considered as a background. 
This background, in general, contains four-fermion production via only one intermediate 
W boson or via no W-resonance enhancements at all . 

In this section, we estimate the importance of such non-doubly-resonant background 
contributions by comparing the results of tree-level calculations for e^e~ — W^W'^ 
4fermions with the results for e^e~ —>■ 4fermions based on the full set of diagrams con- 
tributing to the reaction; wherever W poles appear in the full set of diagrams, as men- 
tioned, fixed widths are introduced in the denominators ("fixed width scheme"). Specifi- 
cally, we will consider the udcs final state, thus comparing e~^e~ iy+(— > ud)W^{-^ cs) 
with e'^e" udcs. We will also briefiy comment on the semileptonic decay, e^e^ 

Our numerical results are collected in Table 1. They are based on the input parameters 
Mw = 80.22GeV,Mz = 91.187Ge1/ and a = 128.07-S and were obtained by employing 



GRACE [|T0[, the automatic computation system for electroweak processes. For simphcity. 
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Line ^/s 


500 GeV 


1 TeV 


2 TeV 


1 a(e+e- ^ W+W) 


7.458 


2.785 


9.421 X 10-1 


Zero width approximation 


2 


(7 X BR{W+ ud) X BR{W- cs) 8.289 x IQ-^ 


3.094 X 10-1 


1.047 X 10-1 


Breit-Wigner, full four-fermion phase space 


3 

4 
5 


(T(e+e- ^ cs)) 
Difference A in % 


8.291 X 10-1 
8.466 X 10-1 
2.1 % 


3.097 X 10-1 

3.248 X 10-1 
4.9% 


1.046 X 10-1 

1.124 X 10-1 
7.5% 


Breit-Wigner, restricted phase space, l^k"^ — Mw\ ^ 


6 
7 
8 


a(e+e- ^ cs)) 
Difference A in % 


7.264 X 10-1 
7.275 X 10-1 
0.1 % 


2.713 X 10-1 
2.717 X 10-1 
0.1 % 


9.16 X 10-2 
9.19 X 10-2 
0.3 % 



Table 1: Tree-level results in [pb] for W^+W^--mediated four-fermion production (specif- 
ically for the udcs final state) compared with four-fermion production including (non- 
doubly-resonant) background for different phase-space cuts. 



the fermion masses are neglected in the calculation. The explicit calculation by GRACE 
shows that the effect of the finite fermion masses is about 0.2%. 

Line 1 of Table 1 gives the cross sections for (stable) W-pair production for various 
energies. The results in line 2 of Table 1 are obtained by multiplication of the W-pair- 
production cross sections by the appropriate branching ratios, BR. The branching ratios 
for — > ud and W~ — > cs are given as BR —1/3. Line 2 thus corresponds to the 
zero- width approximation of Fw — 0, BR = const, i.e., 

MwTw -BR^7rSikl-M^).BR. (3.1) 



\kl - + iMwTwl^ 

The results of line 2 practically agree with the results of line 3 that are obtained by 
(sevenfold Monte Carlo) integration of the Breit-Wigner resonance shape over the four- 
fermion phase space using the on-shell W-pair-production amplitudes. The results in line 
4 are based on the full set of four-fermion-production diagrams with fixed widths inserted 
where appropriate. The difference between the results in line 3 and the four-fermion 
production, e~^e~ udcs, of line 4, depending on the energy, lies between 2% and 8%, 
as indicated in line 5. Clearly, the entire four-fermion production exceeds the production 
via the decay of both W+ and W by 2% to 8%. 

Finally, we enhance the relative contribution of the W'^ and W" resonances by im- 
posing the restriction 

\^-Mw\<5rw, (3.2) 

on the masses of the fermion pairs, ^J^, when integrating over the four-fermion phase 
space. The results in lines 6 to 8 show that background contributions are reduced to 
roughly 0.1% to 0.3%, if the cut (3.2) is imposed. Upon employing the cut (3.2), one 
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can forget about all the four-fermion states that do not originate from the decay of two 
ly-bosons. 

We add a comment at this point on the background and its reduction by the cut 
(3.2), if the W bosons are identified by a decay mode different from the one discussed 
above. In particular, we have looked at the leptonic mode, W~ eue- In this decay mode, 
without cut, the difference A between a{e^e~ {ud)W~ {eVe)) and a{e^e~ — > udeue), 

the quantity corresponding to line 5 of Table 1, becomes very large, 81.9%, 96.3% and 
99.3%, for = 500 GeV, 1 TeV and 2 TeV, respectively. When the cut (3.2) on is 
applied, however, we can reduce the background almost completely and the difference A 
corresponing to line 8 of Table 1 becomes, 0.9%, 0.4% and 0.4% respectively. 

Accordingly, it seems appropriate to apply theoretical as well as experimental cuts of 
the kind (3.2), when comparing theoretical predictions with experiment. This procedure 
largely circumvents the gauge-invariance issues inherently connected with a general the- 
oretical treatment of four-fermion production. The procedure is conceptually simple and 
fully sufficient, moreover, for all practical purposes, as it is mainly the empirical test of 
the W-boson properties that one is interested in. 



4 The ansatz for e"'"e W+W 4fermions, de- 
tails. 

In one-loop order the hehcity amplitudes of the process e~^{a+)e~ ((j_) — > W^^ (/i(ti)/2(t2)) 
W^ {f4in)f3{fs)) are given by 

_ 7^(e+(a+)e-(a_) ^ W^^jhjn) Uf,))W^M^{u) Mr,))) 

A+,A_ ^+^- 

(4.1) 

where a± is the positron(electron) helicity, X± is the helicity of W"^, and Tj(rj) are helicities 
of the final fermions (antifermions). The explicit form of the numerator of (|4.1| ) is given 

by 

7^(e+(a+)e-(a_) ^ W^_^{h{n)h{f2))W^_{U{n)Mm (4.2) 
+ nt'rn-^'^^'^' (a+, A+, A_)57^'^^-/^^HA+; n, r2)7^l;r^^^'(A-; n, f^) 

+ ntln-^^""^' A+, X-)nZn-^'^~'iK; n, f,)6H^--f^Hx_; r,, fs), 

and 

K± = kl-M^ + iMwTw, (4.3) 

where ^Jk^ is the invariant mass of the fermion pair. All the helicity amplitudes appearing 
in (|4.2|) are evaluated on the mass-shell of the VT^-bosons. The first line corresponds to 
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the Born amplitude, while the second to the fourth line represent the one-loop corrections 
to the production and the ly^-decay subprocesses. The spin correlation is fully taken 
into account in formulation (4.1). 

In order to regularize the infrared singularity, we include the soft-photon contribution 
in the virtual-loop corrections. 

In terms of the helicity amplitudes (4.2), the differential cross section is given by 



1 1 / /" 

da = — (27r)~'^ ^ / d cos 9 dk'^dk'^d cos 92d(f 2d cos 9 4,d(pi 

\kl\ |H(e+(a+)e-(a_) ^ W^^{Mn)Mf2))W^M4{n)Mm\' 
E,eam [(^^ - M^)^ + T^M^,] [(F _ M^)^ + T^^M^] 



(4.4) 



where Y^' indicates the spin sum over the final fermions as well as the spin average of the 
initial e^e~ pair, and it is understood that only the corrections of up to the order g"^ are 
retained in the squares of the helicity amplitudes. The cosine of the W-production angle 
is denoted by cos6', and ^2(6*4) and 02{04) are the decay angles of fermion 2 (4) in the 
rest frame of the iy^(l^~)-boson. For further details on the notation and the kinematics, 
we refer to Appendix A. The magnitude of the three-momentum of the in the e~^e~ 
center-of-mass frame is denoted by where 

l/Cl' = ^{s^ + ki + kt- 2s{kl + kl) - 2kie_). (4.5) 
4s 

According to the analysis and discussion of Section 3, the range of the integration over 
the fermion-pair masses squared, k\ , is to be restricted in order to sufficiently reduce 
non-double-resonance four-fermion production. While too small an integration range will 
strongly reduce event rates, too large a range will increase background. We find that the 
five-Fvi/ choice (3.2) constitutes a reasonable compromise. 

The seven-fold non-trival integral ( [4.4|) can be split into two integrals, the two-fold 
integral over the Breit-Wigner denominators defined by 



I{s,MwJw) = ^ 



2 



dk I dk 



beam 



(4.6) 



with the integration region D restricted by the cut (3.2), and the remaining five-fold 
integral. The cross section ( [4.4|) then becomes 

da = — (27r)~'^ ^ ' 1^' — — / d cos 9d cos 92d02d cos 94d04 

^nje+e-^W+W-njW+^hhnjW-^hJi 
I ''■Born ''■Born ''■Born 

I i:n_ie+e-^W+W-n_iW+^hhn_iW-^f3j4, 
~T n rlBorn '^Born 

I n/e+e-^W+W- ^niW+^flfi'lJ^'^fsf-i 
' ''■Born "''■ ''■Born 

+ <rr^^^-<:r^^^^5^^--^^^i^ (4.7) 
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Bom(Gev/ ) 


one-loop(Gel/ j 


200 


3.2646x10 


2.941x10 


300 


3.4343x10 


3.094x10 


400 


3.4917x10 


"1 /I "1 — 4 

3.146x10 


500 


3.5180x10 


3.169x10 


600 


3.5322x10-^ 


3.182x10-4 


700 


3.5407x10-4 


3.190x10-4 


800 


3.5462x10-4 


3.195x10-4 


900 


3.5500x10-4 


3.198x10-4 


1000 


3.5527x10-4 


3.201x10-4 



Table 2. The weight factor J(s, Mw, ^w) for the cut on /c^ and k"^ defined by (3.2). 



The integral / thus plays the role of a weight factor originating from the Breit-Wigner 
propagators. Note that the integral / depends on s through \k±\/ Ebeam- 

The decay width of the H^^-boson appearing in ( |4.7| ) is computed by GRACE |rU|. The 
resulting width 

Tw = 2.046GeV, (4.8) 

includes the full one-loop radiative corrections with soft and hard bremsstrahlung of 
photon and gluon. The masses of the particles appearing in the loop calculation are hsted 
in Appendix A. The numerical values of the integral I for the cut (3.2) on k"^ are given in 
Table 2. The width Tw entering the Born value in table 2 is given by Tw = 1.942 GeV, 
while the one-loop result is based on ( [4.8|) . 

For the one-loop helicity amplitudes of e"^e- W^W~ in (^.7]), we will use the 
high-energy-Born-form approxiamtion (HEBFA) of Ref.|l|. In the HEBFA, the helicity 
amplitudes take the form ^ 

nia, A+, A_) = Si^'^Mjia, A+, A_)(5.,_ + Sj^^Mgia, A+, A_), (4.9) 

where the invariant amplitudes Sj \s,t,AE) and SQ'\s,t, AE) contain the one-loop 
virtual corrections as well as the soft-photon radiation with soft-photon-energy cut AE. 
It is worth noting that the analytical formulae for the one-loop invariant amplitudes in 
( [4.9|) are very simple and can be written down in a few lines [|l|. For definiteness and 
completeness, we will also compare with the result obtained by using the full one-loop- 
corrected amplitudes. Their analytical expressions were calculated in Refs. [pT], |T^. For 
our numerical evaluation we will use the results of an independent calculation by one of 
I3| . The numerical results of Ref . [|13| agree well with the ones of Ref. |]Tl] . 



us 



Concerning the decay amplitudes for /1/2 and W~ — > f^f^ we can safely neglect 

fermion masses with a discrepancy of less than 0.3% |T^. In this approximation, up to 
one-loop order, the decay amplitudes can be expressed as (see also (6.18) of Ref. [p!5| ), 

n'^^-f^hiX^-r^f,) = -^GW(pH^+,pi,p2)-MW(A+;ri,f2), 
n'^-^hh^X^-r.^f,) = -^(-)(p^.^p,,p,)M^-){X.;u,fs), (4.10) 
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where X±, ti, T2, and are the hehcities of W"^, and twice of the hehcities of /i, /2, 
/a and f^, respectively. The basic amphtudes A^*^^^ are defined by 

M^^\X+; ri, fs) = u{pi, -)7/Xl - l5)v{p2, +)e^;(piy+, A+)(5^,,_(5^2,+, 

M^-\X-; r4, Ta) = ^(^4, -)7/.(l - 75)^(^3, +)e-(PH/-, A_)(5,,,_(5^3,+, (4.11) 

in the massless hmit, while the invariant amplitude G*^^-' contains all the dynamic in- 
formation of the process. The invariant amplitude G*^^-' is normalized to unity at Born 
level 

G^bL = 1- (4.12) 

At one-loop level, G^^-* receives contributions from virtual diagrams, the countert- 
erm lagrangian and from the soft-photon radiation. Separating the dominant fermion 
contribution, it is expressed as, 

G(±) = 1 + Aa(M^) - ^Ap + Iall + G^^'^^''\ (4.13) 

where the first term is the Born contribution, 

A„(.) = ^-ZQYo^^. (4.14) 



A,, = _|{Qf,og-| + Q^.og-|-Qf-Q|-l}log 



w 

+ |-logi|)«.ogf +|-Iog||)Q?Iogf,, (4.16) 



and G^^''^"^*) is the remaining part. The expression for A^^, due to the soft-photon 
radiation, should be compared with (3.7) of Ref.[|I| for e+e~ W~^W~ . In the present 
case, we have to evaluate the invariant amplitudes G'-^-' not in the rest frame of the W^- 
boson, but in the laboratory frame ( the cm. frame of the e"''e~-pair), and, consequently, 
for AE we have to use the same numerical value as the one used in the VT-pair production 
subprocess. 

The full expressions for the basic amplitude, Ai^'^\ and the remaining part, G^^^'^''^ 
are given in Appendices A and B, respectively. 



5 Hard-photon radiation. 

In DPA, the hard photon radiation can be treated in a way that is analogous to the above 
treatment of e~^e~ — > W^W~ — > 4 fermions. Since interference is negligible, the cross 
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section in DPA can be described by 



da 



where 



and 



1 
2s 
1 

+ 2; 



K+K. 

,w+w-'^w+^hf2i'}iW-^Uh 



00 pro"-'- dec"-'- dec 

ZTT ZTT ^ 



+ 



2s 



w- 



2tx 27r 



pro 



dV 



dec 



dec 



dV^ 

"-'- pro 



"-'- dec 



(27r^2 
1 

1 

1 



+ A;2 - A;+ - A;_ 



27r 27r 



(irpi.oC?rjj.(ir^g^ 



G?"^ ^+ '^"^ 

2A;+o2A;_( 



P1-P2) 



P3 - P4j 



d^Pid^P2 

2pio2p2o' 
d^Psd^Pi 

2^30 2p4o' 



(2^; 
1 



7(5 (fci + k2 — — k_ — k 



{2n 
1 



^d kj^d k — d k'y 
2k^Q 2k— Q 2k^Q 
^d^Pid^P2d^k^ 

2pio2p2o2/c7o' 
^d^p^d^Pid^k^ 

2p3o2p4o2A;^o' 



{Pl+P2f 

{Pz+Pa? 

{pi +P2 + k^y -M^ + iMwTw, 
{P3 +P4 + k^f -M^ + iMwTw 



-Ml 



(5.1) 



(5.2) 



(5.3) 



(5.4) 



In (5.1) the sum over the hehcities of the intermediate VT^-bosons is imphcitly assumed. 
Therefore, the full spin-correlation is incorporated also in the hard-photon bremsstrahlung 
process. 



6 Numerical Results 

In this section, we present the results for 

e+e" ^ W+{ud)W-{cs)[+-f], 



(6.1) 



■l-Hard-photon radiation in e+e 
treated in Refs.§, 



4 fermions+7 at tree level, not based on a DPA -was recently 
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at one-loop level. As mentioned, we employ one-loop on-shell W"^- production and 
-decay amplitudes together with (fixed width) Breit-Wigner denominators and the cut 

Mw — SFvK < ^Jk^ < Mw + 5T]y on the fermion-pair masses. The cut strongly enhances 
the W^W~ signal relative to contributions from the non-doubly-resonant background 
that is not taken into account in the calculation. From the point of view of four-fermion 
production directly observed experimentally, our results for (|6.1|) correspond to a double- 
pole approximation (DPA). 

We summarize the main steps of the calculation: 

i) For the amplitudes of e^e~ W^W~ at one-loop level we use the high-energy Born- 
form approximation (HEBFA) previously constructed fl]]. Even though the comparison of 
the HEBFA with the full one-loop result for e^e~ W^W~ showed excellent agreement 
fll], we will nevertheless also present results for the reaction ( |6.1|) that are based on the 
full one-loop amplitudes. The comparison of the results based on the HEBFA with the 
results from the full one-loop amplitudes will allow us to quantitatively state the accuracy 
of the HEBFA even when the decay of the W-boson is included.^ 

ii) For the decay amplitudes, — » //, we use the full one- loop expression summa- 
rized in Appendix B. The fermion mass, with the exception of mass-singular terms, is 
neglected in the calculation of virtual and soft-photon corrections. 

iii) The amplitudes for hard-photon emission are generated by using the algebraic 
manipulation program GRACE [^, and the necessary numerical integrations are carried 



out by employing the Monte Carlo routine BASES ||T9|. We require the error due to the 
Monte Carlo integration to be less than about 0.1 %. The independence of the result 
under the variation of the soft-photon cut is verified by varing AE between 1 GeV 
and 10 GeV. 

The calculations are based on the following input parameters [in GeV], 

Mz = 91.187, Mw = 80.22, Mh = 200, 
ruu = 0.062, rUc = 1.5, rrit = 175, 

rud = 0.083, = 0.215, rub = 4.5. (6.2) 

First of all, in Table 3 we consider the cos 6' angular distribution of the produced 
W pairs at a fixed energy that is chosen as y/s = 2i?beam = ITeV. For easy reference, 
column 1 in Table 3 shows the Born-approximation results for e~^e~ W^W~ . The 
second column of Table 3 includes the decay of the W-bosons, obtained by integrating 
the Breit-Wigner decay distributions over the restricted region (3.2). This restriction of 
the invariant mass of the fermion pairs leads to a slightly smaller cross section in column 
2 than calculated by multiplication of the cross section for e^e~ — > W^W~ from column 
1 by the square of the branching ratio, BR{W qq) = 1/3. 

The main result on the angular distribution is contained in the two one-loop columns 
of Table 3. The results are obtained for i?beam = 500GeV and an infrared cut-off /S.E / E = 

Hn Ref. 1^, we ignored the W decay. As different helicities enter the cross section for e+e^ 
W^W' 4 fermions with different weights, it is not a priori guaranteed that the accuracies excluding 
and including W decay are identical. 
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2.292 


X 


10" 


-3 


2.297 


X 


10- 


-3 


-0.23 


-0.1 


8.941 X 10-2 




8.695 X 


10-3 


1.872 


X 


10" 


-3 


1.876 


X 


10- 


-3 


-0.22 


-0.2 


7.766 X 10-2 




7.551 X 


10-3 


1.542 


X 


10- 


-3 


1.544 


X 


10- 


-3 


-0.16 


-0.3 


6.773 X 10-2 




6.586 X 


10-3 


1.268 


X 


10- 


-3 


1.269 


X 


10- 


-3 


-0.05 


-0.4 


5.883 X 10-2 




5.721 X 


10-3 


1.031 


X 


10- 


-3 


1.030 


X 


10- 


-3 


0.06 


-0.5 


5.036 X 10-2 




4.897 X 


10-3 


8.174 


X 


10- 


-4 


8.148 


X 


10- 


-4 


0.31 


-0.6 


4.188 X 10-2 




4.073 X 


10-3 


6.202 


X 


10- 


-4 


6.155 


X 


10- 


-4 


0.77 


-0.7 


3.305 X 10-2 




3.214 X 


10-3 


4.364 


X 


10- 


-4 


4.291 


X 


10- 


-4 


1.70 


-0.8 


2.360 X 10-2 




2.295 X 


10-3 


2.680 


X 


10- 


-4 


2.573 


X 


10- 


-4 


4.14 


-0.9 


1.333 X 10-2 




1.296 X 


10-3 


1.215 


X 


10- 


-4 


1.074 


X 


10- 


-4 


13.19 



Table 3. The angular distribution of W-pair production at the energy ^/s = 2Ebeam = 1 TeV in units 
oi pb. The first column shows the Born cross section for e+e- W^W^. The second column shows 
the results of treating W production and decay in Born approximation and integrating the Breit-Wigner 
distribution over the restricted interval (3.2). The third and the fourth column are obtained by using the 
one-loop amplitudes for production and decay, again, integrating the Breit-Wigner distribution over the 
restricted interval (3.2). A soft-photon cut AE/E = 0.01 is used for the one-loop results. The HEBFA 
is used for the third column and the full one-loop amplitud es a re used for the fourth column. The last 
column gives the results for the relative deviation. A, from ( |6.3[) . 
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0.01, i.e. for AE = 5 GeV. As mentioned, the one-loop amplitudes for W-pair production 
are supplemented by one-loop decay amplitudes, and the Breit-Wigner distributions are 
integrated over the restricted invariant-mass interval of 5 times the W-boson width, Tw, 
according to (3.2). The percentage deviations 



(HEBFA) - ;^(exact) 



A d cos 9 ^ ' d cos Qy"" ' (c o\ 

^(exact) • (^■^' 

according to the last column of Table 3, stay below 3 per mill in most of the angular 
interval. As expected from the behavior of the three invariant amplitudes entering the 
HEBFA IQ, the deviations between the approximation and the full one-loop results become 
largest (order of several percent) for very forward and backward angles. Nevertheless, the 
calculationally very fast and intuitively simple HEBFA, for most of the range of the 
production angle, yields an excellent approximation of the full one-loop results for the 
differential cross section. 

We turn to the total cross section as a function of the e+e~ energy, obtained by 
integration over the angular distribution of the W-boson pair. Tables 4 and 5, respectively, 
show the cross sections obtained by integration over the full angular range of 0° < < 180° 
and over the restricted range of 10° < 9 < 170°. As the forward peaking of the cross 
section increases strongly with energy, the angular cut with increasing energy leads to 
an increasingly stronger reduction of the integrated cross section. This is seen when 
comparing the cross sections in Tables 4 and 5. As a result of this angular cut, the 
accuracy of the HEBFA is strongly increased. The difference, 

, cr(HEBFA) - a(exact) 
a (exact) 

also shown in Tables 4 and 5 , by removing the very forward- and backward- production 
angles is diminished by an order of magnitude, from about 3% to about 0.3%. The increase 
of accuracy is expected. As noted in connection with the results in Table 3, in the very 
forward and backward directions, the invariant amplitudes entering the HEBFA are less 
accurate 

In the high-energy limit, applying the cut 10° < 9 < 170°, the total cross section 
deviates from the Born result only by a few percent. On the other hand, the cross section 
is strongly dominated by hard-photon radiation. This is shown in table 6. At a beam 
energy of -Ebeam = 200 GeV, a fraction of 30% of the cross section contains a hard photon 
of energy > 10 GeV, and this fraction rises strongly with increasing beam energy. At 
an energy of -Ebeam = 1 TeV, a photon-energy cut of E^ > 10 GeV removes almost 75% 
of the cross section. 

We finally add a very brief remark on the accuracy to be aimed at in future experiments 
in order to obtain a meaningful test of the non-Abelian structure of the electroweak theory. 
The non-Abelian structure enters both at tree level as well as at one loop. In Ref. [|l|, the 
invariant amplitudes of the HEBFA in (4.9) were represented as a sum of two parts. The 
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e+e" W+W- 


e+e" W+{ud)W-{cs) 


e+e- ^ W+{ud)W-{cs) + 7 


Born 


Born 


one-loop 


HEBFA 


exact 


A(%) 


200 


8.698 


0.8467 


0.8718 


0.8794 


-0.9 


300 


5.091 


0.4958 


0.5275 


0.5262 


0.2 


400 


3.384 


0.3295 


0.3575 


0.3533 


1.2 


500 


2.433 


0.2370 


0.2602 


0.2556 


1.8 


600 


1.844 


0.1795 


0.1996 


0.1951 


2.3 


700 


1.452 


0.1413 


0.1584 


0.1543 


2.7 


800 


1.177 


0.1145 


0.1292 


0.1259 


2.6 


900 


0.9750 


0.09485 


0.1080 


0.1044 


3.4 


1000 


0.8228 


0.08010 


0.0915 


0.0881 


3.9 



Table 4. The energy dependence of the {ud){cs)- production cross section in DPA. The second column 
is the Born cross section, while the third column gives the one-loop cross section including hard-photon 



radiation. The deviation, A, according to (6.4), quantifies the discrepancy between the HEBFA and the 
full one- loop results. 



^beam 


e+e- W+W- 


e+e 


W+{ud)W~{cs) 


e+e- ^ W+{ud)W-{cs) + 7 


Born 


Born 


one-loop 


HEBFA 


exact 


A(%) 


200 


6.724 




0.6561 


0.6746 


0.6794 


-0.71 


300 


3.042 




0.2964 


0.3109 


0.3109 


0.00 


400 


1.695 




0.1654 


0.1725 


0.1721 


0.23 


500 


1.077 




0.1051 


0.1085 


0.1082 


0.28 


600 


0.7440 




0.07262 


0.07405 


0.07383 


0.30 


700 


0.5449 




0.05318 


0.05349 


0.05334 


0.28 


800 


0.4162 




0.04063 


0.04027 


0.04015 


0.30 


900 


0.3284 




0.03205 


0.03136 


0.03127 


0.29 


1000 


0.2657 




0.02593 


0.02505 


0.02498 


0.28 



Table 5. As Table 4, but with a restriction on the W+W production angle that is given by 10° < 9 < 
170°. 



^bcam 


200 


300 


400 


500 


600 


700 


800 


900 


1000 


(j{E^ < 10) 
aiE^ > 10) 


0.4787 
0.2007 


0.1928 
0.1181 


0.0958 
0.0763 


0.0544 
0.0538 


0.03361 
0.04022 


0.02195 
0.03139 


0.01486 
0.02529 


0.01033 
0.02094 


0.00733 
0.01765 


a 


0.6794 


0.3109 


0.1721 


0.1082 


0.07383 


0.05334 


0.04015 


0.03127 


0.02498 



Table 6. The total cross section for e+e" W+ {ud)W~ {cs)j is split into two parts according to the 
photon energy. The second line shows the total cross section with photon energy < 10 GeV, while the 
third line shows the cross section with E-y > 10 GeV. The fourth line is the sum of these two, namely the 
total cross section. As for the results in Table 5, a cut in the W+W~ production angle of 10° < 9 < 170° 
is imposed. 
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first partpl contains only the leading fermion-loop corrections due to the hght leptons 
and quarks and the heavy top quark, as well as the initial state radiation in leading-log 
approximation. The second additive part needs the full machinary of the non-Abelian 
electroweak theory. Taking into account only the aforementioned fermion loops, one finds 
that the cross section becomes larger than the full one-loop - corrected one. Quantitatively, 
at = 1 Tev, with the fermion loops alone, the total cross- section becomes 0.119p6, 
a value almost 11% larger than the corresponding result of O.lOSpb from table 5, while 
at y/s = 2 Tev , one finds 0.030 pb, a value about 20% larger than the corresponding 
one of 0.025 pb. An analogy to QED will be helpful to understand the negative sign 
of additional (primarily) bosonic loop corrections. In QED, photon exchange leads to 
an infrared divergence that is cancelled by (necessarily) positive soft-photon radiation. 
A similar cancellation mechanism involving (necessarily) positive Zq emission, at ultra- 
high energies, will become relevant in the present case, thus allowing to understand the 
negative sign of the bosonic loop corrections. Their fairly large magnitude is the result 
of the log-squared terms appearing in these corrections |l]] . Accuracies of the order of 
magnitude of 10% to 20% will accordingly allow one to "see" the non -Abelian loops. 



7 Conclusions 

The production of four fermions in e^e~ annihilation at high energies is dominated by 
the production and subsequent decay of two W-bosons. Our estimate at tree level shows 
that background contributions, wherein one of the fermion pairs, or both of them, do 
not originate from W decay, are of the order of 5% of the cross section in the high- 
energy region {AOOGeV < < 2TeV) under consideration. Restricting the masses of 
the fermion pairs to the vicinity of the W-boson mass, however, removes the background 
apart from a negligible amount of less than 0.3% for the {ud){cs) channel and less than 
0.9% for the {ud){eh'e) channel, the precise value depending on the energy being chosen. 
It is accordingly sufficient to concentrate on e'^e~ W^W~ — > 4 fermions and ignore 
background contributions in a refined calculation at one-loop level, even more so, as in 
four-fermion production the main interest lies in the test of the non- Abelian gauge- 
boson interaction of the electroweak theory. With respect to four-fermion production, 
evaluating e^e~ —>■ W^W~ —>■ 4 fermions with appropriate cuts on the invariant masses 
of the fermion pairs amounts to a double-pole approximation (DPA). 

We have presented results for e~^e~ — > W~^W^ (ud) (cs) + •y at one- loop order in the 
high-energy limit. The results explicitly demonstrate that the HEBFA yields excellent 
results for the W-pair angular distribution, and for the total production cross section 
as well, if the very forward and backward regions are excluded. The results are very 
satisfactory for theoretical as well as practical reasons. Theoretically, the HEBFA is 
conceptually simple, as it includes all relevant virtual one-loop corrections within three 

^ Compare (3.3) and (3.4) as well as Figs.l to 3 in Ref.||l[]. 
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invariant amplitudes that replace the weak and the electromagnetic coupling appearing at 
tree level. The HEBFA is of much practical importance, as the necessary computer time 
is strongly reduced with respect to a calculation that employs the full-one-loop results. 

We finally gave a rough estimate of the accuracy future experiments are to aim at, in 
order to test the non-Abehan (loop) structure of the electroweak theory. 
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Appendix A. Notations and the basic amplitude for 
decay 

In this Appendix, we show the exphcit expression for the basic decay amphtudes Ai^'^'^ 
of the ly^-boson defined by ( [4.11| ). Since we are in the laboratory frame (i.e. the e^e^ 
center-of-mass frame) in which the produced has a large energy, the decay amplitude 
explicitly depends on the four momentum of the ly^-boson through the soft photon energy 
cut. In accordance with the momentum assignment used in Refs. [0 and ||T6[, we define 
the production angles and the corresponding polarization vectorsfj] as follows. 



e" : fc^ 
W- : k'^ 

with 



E(1,0,0,1), 

E_(l,/5_sine,0,/5_cos( 



e+: k^ = E{l,0,0,-l), (A.l) 
Vr+ : = ^+(1,-/5+ sin ^,0,-/?+ cos ^), 



s + k^-k^ 



2^s 



\ 



ki 
El 



(A.2) 



The decay angles are defined in the laboratory frame as 



Pi 
A* 



Ei{l, sin 6i cos (pi, sin 6i sin 0j, — cos^^j), 
Ej{l, sin 9j cos (pj , sin 9j sin (pj ,cos9j), 



{^ = l,2) 
(J = 3,4) 



(A.3) 



and in the rest frame of the iy=''-boson as 



p^ 



2 



[1, sin 9i cos(^j, sin 9i sin (fi, — cos^j), 
1^ 1 , sin 9j cos 0j , sin 9j sin (pj ,cos9j). 



1,21 



(J = 3,4) 



In the latter frame, the phase space boundary becomes trivial, 

-l<COS^, <+l, 0<lfi<2'K. 



(A.4) 



(A.5) 



After a simple algebra, we find that the energies of the decay products in the laboratory 
frame are related to those of the W-rest frame by 



Ei = + cos 9i), 



and the decay angles are related as follows 

1 



' sin 9i cos ipi ' 
sin 9i sin (f. 
=F cos 9i 



j3± + cos 9i 



cos 9 sin^^ ' 

1 
- sin 9 cos 9 , 



1,4) 



sin 9i cos 0i 
sin 9i sin ipi 
. T{P± + cos9i) 



(A.6) 



(A.7) 



"This convention of polarization vectors is different from the one used by Ref.|^, in which e_(— ), 
e+(0) and e+(— ) have opposite sign. 
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by 



The polarization vector of the on-shell W"^ with momenta specified by ( [A. ID are given 



= ^^(/5,sin^,0,cos^), e^t(O) =^^(-/5,sin^,0,cos^), (A.8) 

!(±) = T^{0,cos9,±i,-sm9), et(±) = T^(0, - cos^, ±i, sin^), 
V 2 V 2 



with 



'2 



V s 

The non-vanishing basic amphtudes for the on-shell decay are given by 
M(-)(A;-,+) = y4^<^_(p4)Ke^(A)]x+(p3), 
^W(A;-,+) = ^AE^E2^4Pi)WACm+iP2), (A.IO) 



where 



1 ( — sin cos ± 1 1 , 

^73 [cos^^l sin^ J ' 

( f3 + cos 9 sin 6' 1 \ _ n 
7 I sin0 /3-cos^ J ' 

{I ( sin 6* — cos ± 1 1 ^ 
^72[_cos^Tl -sin^ J' ^~ 
r-/3 + cose sin0 ] - ■ ^^-^^^ 
^ [ sm9 -/3-cos9 J ' 

and ip-{pi) and x+{P2) etc are the two component Weyl spinors 

, , _ 1 r-sin^ie-^^M 

'^"^^'^ " .y2(l-cose0 ^ J' 

. ^ ^ 1 r -singse-^'^M 

""^^^"^ p{l-cos9,) y l-cos^2 J' 



, . _ 1 r - sin ^4e-*^4 ] 

^"^^'^ " v^2(l + cos04) y 1 + ^°^^^ J 

2(1 + cos ^3) y l + cos^3 



f ^ 1 r - sin ^36-^^3 >| 



For the calculation of radiative corrections, the following values are used for our input 
parameters. 

a = 1/137.036, 
Mz = 91.187, Mw = 80.22, Mh = 200, 
niu = 0.062, nic = 1.5, nit = 175, 

ma = 0.083, m, = 0.215, mb = 4.5, (A.13) 
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although, lepton masses and hght quark masses are neglected except for the mass singular 
terms. The Born decay width of W"^ becomes 1.942 GeV, while the decay width including 
order g'^ and corrections is 2.046 GeV. 



Appendix B. The invariant amplitude G*^^^ of Vl^^ decay 

In this Appendix, we will present the expression of the invariant amplitude G^~^^ for 
— ^ /1/2, where fi and /2 have charge Qi and Q2 = Qi — 1, respectively. The 
invariant amplitude G^~^ for W~ f^f^ is obtained by replacing the indices 1^3 and 
2 — > 4 in G^~^\ The invariant amplitude consists of the Born term, the contribution of 
the virtual corrections , the counterterm contribution and the soft-photon bremsstrahlung 
contribution. Decomposing it as, 

G^-^\pw,Pi,P2) = 1 + G'(+'"''') + + G'(+'^°^*) (B.l) 

we find after some calculation, 

IdTT^ mf 777,2 



Wi 



2 -02 nf2 ryi yr2 nf2 Af2 

+ % V(% + 2Ql log% + 2Ql log^, , 
Idtt^ 2 mf 2 7772 mf 7713 

+^it^"Q^Q- + 3 + -^[2(2 + -^)(log(c^^) - 1) 

- 2(1 + \-f{Sp{-cl,) + log(l + 4) log(c^)}], (B.2) 
+ §^[-2(c^ + 2) J[l] + 5 + + (2 + i-) log 



1 /•! 1 

(2 + ^) / dx\og{x^ + - 
Cw Jo 



where a tiny photon mass, A is indroduced in order to regularize the infrared singularity. 
The left-handed couplings ii and £2 are given by 

^1=1' ^wQi, 4 = — - s^Q2, (B.3) 

and J[l] is given by 

J[l] = f',^^[-logx + log{x' + ^-^)]. (B.4) 

JO 1 Cy^X 



Q{+,ct) 



167r2^^^ + ^2H-iJ^2^ 



167r2^2 



771T 



log 



Ml] 

77li 
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1^ ^w,5Mlf 5M^ 



where the exphcit expression of SZw f and ^^M^ — ^^77^ can be found in Ref.|T7|. 

= [{1 + Q\ + Ql-Ql log^ - Ql log^} log^^^^^' 



log^(^) + ^log^(^) - Qi log^ - log -^^2° 



mf 2 m2 mf m2 



-Wf + 02)^+2(1 + Q,Q2)Sp(l - (B.6) 



-ilog(i±|)-21og=((l + ^)-|-) 
-2e:Sp(l-^§)-20,Sp(l-^§) 

where E, and /? are defined by (^]6]) and (pOP by setting k\ = M^. In (iRl ), (^) and 
( |B.6| ), the ultraviolet diverging parts which cancel from the sum are already discarded. 

Removing the dominant fermionic contribution from the sum of ( |B.2| ), ( |B.5D and ( |B.6| ), 
one obtains G(±'^^^*). It is again decomposed in three parts, which are given as follows. 

Qi+,rest) ^ /^(+,wrt) _|_ Qi+,ct) _|_ (j{+,soft)\ (B.7) 



where 



- 2(1 +^)2{5p(-c^) + log(l + c\,) log(c2^)}] 
+^[_2(c2^ + 2) J[l] + 5 + 4- + (2 + ^) log cl, 

1 /"l 1 

+ (2 + —)/ rfxlog(x^ +— (1 - x)) ] 

JO C^y 

-2.1348 for leptonic decays 
-5.0730 for hadronic decays 



(B.8) 



o --^i --^z ■ 2 2 ■ 42 



19 




(B.IO) 



(B.9) 



The last two terms in the second hne of (p.9| ) remove the infrared singularity and the 
dominant top-quark mass effect present in the renormalization constants, making C'^+''^*) 
almost constant up to the Higgs-mass dependence. 
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